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THE UNIVERSAL KEPLER PROBLEM
GUOWU MENG
Abstract. For each simple euclidean Jordan algebra V , we introduce the
analogue of hamiltonian, angular momentum and Laplace-Runge-Lenz vector
in the Kepler problem. Being referred to as the universal hamiltonian, univer-
sal angular momentum and universal Laplace-Runge-Lenz vector respectively,
they are elements in (essentially) the TKK (Tits-Kantor-Koecher) algebra of
V and satisfy commutation relations similar to the ones for the hamiltonian,
angular momentum and Laplace-Runge-Lenz vector in the Kepler problem.
We also give some examples of Poisson realization of the TKK algebra, along
with the resulting classical generalized Kepler problems. For the simplest sim-
ple euclidean Jordan algebra (i.e., R), we give examples of operator realization
for the TKK algebra, along with the resulting quantum generalized Kepler
problems.
1. Introduction
Recall that, in the Kepler problem, the hamiltonian is
H =
1
2
p2 −
1
r
.(1.1)
Here, r is length of r ∈ R3∗ := R
3 \ {0} and p is the (linear) momentum.
The hamiltonian H is clearly invariant under rotations of R3, thanks to Noether’s
theorem, the angular momentum
L = r× p(1.2)
is conserved.
What is special about the Kepler problem is the existence of an additional con-
served quantity, i.e., the Laplace-Runge-Lenz vector
A = L× p+
r
r
.(1.3)
Not everyone agrees that this is a proper name for this vector because of the
long history of its rediscovery: Jakob Hermann initially discovered it for a special
case of the inverse-square central force [3], Johann Bernoulli generalized it to its
modern form [1] in 1710, and at the end of the 18th century, Pierre-Simon de
Laplace rediscovered it analytically [8]. In the literature, this vector is sometimes
called the Runge-Lenz-Laplace vector [16].
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It is well-known that H, L and A satisfy the following Poisson bracket relations
(For the definition of Poisson brackets, please consult Section 5 of Chapter III in
Ref. [9]):
{H, Li} = 0, {H, Ai} = 0,
{Li, Lj} = ǫijkLk, {Li, Aj} = ǫijkAk, {Ai, Aj} = −2HǫijkLk.
(1.4)
Here, ǫijk is the antisymmetric tensor such that ǫ123 = 1, and a summation over
the repeated index k is assumed in the above.
When passing to the quantum case, nothing is lost. First of all, we have
H = − 12∆−
1
r
,
L = −ir×∇, A = − i2 (L×∇−∇× L) +
r
r
;
(1.5)
secondly, relation (1.4) still holds when Poisson brackets are replaced by commu-
tators.
The goals of this article are to introduce the analogues of H, L andA for each sim-
ple euclidean Jordan algebra [5], derive the analogue of relation (1.4), and demon-
strate via examples their relevance to generalized Kepler problems. To do that,
we need to digress into simple euclidean Jordan algebra and the associated TKK
(Tits-Kantor-Koecher) algebra [15], [7, 6].
Added on Dec. 1, 2014. This paper was initially written in the winter of 2010.
Since then, Refs. [10, 12, 11] appeared which in one way or another all demonstrate
that the Jordan algebra approach to the Kepler problem in relationship to the
universal Kepler problem advocated here is quite natural and fruitful. We would
like to remark that the universal nature discovered here for the Kepler problem is
quite a common trait shared by many beautiful mathematical objects: cohomology
groups, vector bundles, characteristic classes, R-matrices, knot invariants of finite
type, etc.
2. TKK Algebra
Let V be a finite dimensional simple euclidean Jordan algebra. This means
that, V is a real vector space of positive dimension; and there is a bilinear map
V × V → V which maps (a, b) into ab such that, for any a, b ∈ V , 1) ab = ba, 2)
(ab)a2 = a(ba2), 3) a2 + b2 = 0 =⇒ a = b = 0; moreover, V has no nontrivial
ideal. It turns out that there is a multiplicative unit element e in V .
For a ∈ V , we use La to denote the multiplication by a, so La(b) = ab. Clearly La
is an endomorphism on V and is linearly dependent on a. We assume the invariant
inner product 〈|〉 on V is the inner product such that the unit element e has unit
length, i.e.,
〈a | b〉 :=
1
dim V
Tr Lab
for any a, b ∈ V . Here, the inner product 〈|〉 is invariant means that La is self-
adjoint with respect to it, i.e., 〈ab | c〉 = 〈b | ac〉 for any a, b, c ∈ V .
We denote the Jordan triple product of a, b, c by {abc}. Recall that
{abc} := a(bc)− b(ca) + c(ab).
THE UNIVERSAL KEPLER PROBLEM 3
We denote the endomorphism c 7→ {abc} by Sab. It is clear that
Sab = [La, Lb] + Lab
and is bilinear in (a, b). It is clear that La = Sae = Sea. We shall use S
′
ab to denote
the adjoint of Sab with respect to the inner product on V . Note that S
′
ab = Sba,
and if we identify V ∗ with V via the invariant inner product, S∗ab: V
∗ → V ∗ can
be identified with −S′ba.
One can check that
[Sab, Scd] = S{abc}d − Sc{bad},(2.1)
so Sab’s form a real Lie algebra — the structure algebra str of V . The commu-
tation relation in Eq. (2.1) says that, in Scd, c and d behave as a str-vector and
str-covector respectively. In general, str = str′ ⊕ R, where str′, a semi-simple real
Lie algebra, is called the reduced structure algebra.
It is an independent discovery of Tits, Kantor, and Kroecher [15], [7, 6] that the
real reductive Lie algebra str can be naturally extended to a real simple Lie algebra
co — the conformal algebra of V . As a real vector space, we have
co := V ∗ ⊕ str⊕ V.
By writing z ∈ V as Xz, 〈w | 〉 ∈ V
∗ as Yw, the commutation relations can be
written as follow: for u, v, z, w in V ,
[Xu, Xv] = 0, [Yu, Yv] = 0, [Xu, Yv] = −2Suv,
[Suv, Xz] = X{uvz}, [Suv, Yz ] = −Y{vuz},
[Suv, Szw] = S{uvz}w − Sz{vuw}.
(2.2)
Note that, when the Jordan algebra is Γ(3): R ⊕ R3 (a linear subspace of the real
Clifford algebra Cl(R3, dot product)) with the product being the symmetrized Clif-
ford multiplication, we have co = so(2, 4) — the conformal algebra of the Minkowski
space, and str = so(1, 3)⊕ R.
By definition, the universal enveloping algebra of co is called the TKK alge-
bra. The simply connected real Lie group with co as its Lie algebra is called the
conformal group and is denoted by Co.
3. The Universal Kepler Problem
This section is the core of this article. The novel idea introduced here came from
the author’s realization that the Kepler problem can be reformulated in terms of
Γ(3) and the further realization that Γ(3) can be replaced by any Euclidean Jordan
algebra.
Hereafter we shall assume that V is a simple Euclidean Jordan algebra. To intro-
duce the universal Kepler problem associated with V , one needs first to complexify
the TKK algebra and then formally invert the element Ye, here e is the unit element
of V . With that done, one introduce the universal hamiltonian
H :=
1
2
Y −1e Xe + iY
−1
e(3.1)
where Y −1e is the formal inverse of Ye, and i is the unit for imaginary numbers.
Next, we introduce the universal Laplace-Runge-Lenz vector
Au := iY
−1
e [Lu, Y
2
e H ](3.2)
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where u is an element of V and [ , ] denotes the commutator. So
Au =
i
2
Xu − iYuH =
i
2
(Xu − YuY
−1
e Xe) + YuY
−1
e .(3.3)
Finally, we introduce the universal angular momentum
Lu,v := [Lu, Lv](3.4)
where u, v are elements of V . We are now ready to state
Theorem 3.1. For any u, v, z and w in V , the following commutation relations
[Lu,v, H ] = 0 , [Au, H ] = 0
[Lu,v, Lz,w] = L[Lu,Lv]z,w + Lz,[Lu,Lv]w
[Lu,v, Az] = A[Lu,Lv]z , [Au, Av] = −2HLu,v .
(3.5)
hold as identities in the resulting algebra obtained from complexifing the TKK al-
gebra and formally inverting the element Ye.
Proof. Eq. (2.2) implies that
[Lu,v, Xz] = X[Lu,Lv]z, [Lu,v, Yz ] = Y[Lu,Lv]z, [Lu,v, Lz] = L[Lu,Lv]z .
In particular, we have [Lu,v, Xe] = [Lu,v, Ye] = 0. Therefore, [Lu,v, H ] = 0,
[Lu,v, Az] = iY
−1
e [Lu,v, [Lz, Y
2
e H ]]
= iY −1e
(
[[Lu,v, Lz], Y
2
e H ] + [Lz, [Lu,v, Y
2
e H ]]
)
= iY −1e [L[Lu,Lv]z, Y
2
e H ]
= A[Lu,Lv]z,
and
[Lu,v, Lz,w] = [Lu,v, [Lz, Lw]]
= [[Lu,v, Lz], Lw] + [Lz, [Lu,v, Lw]]
= [L[Lu,Lv]z, Lw] + [Lz, L[Lu,Lv]w]
= L[Lu,Lv]z,w + Lz,[Lu,Lv]w.
Since H = Y −1e (
1
2Xe + i), we have
[Au, H ] = [Au, Y
−1
e ](
1
2
Xe + i) + Y
−1
e [Au,
1
2
Xe + i]
= −Y −1e [Au, Ye]Y
−1
e (
1
2
Xe + i) + Y
−1
e [Au,
1
2
Xe]
= −Y −1e [Au, Ye]H − Y
−1
e
[
i
2
Xu − iYuH,
1
2
Xe
]
= −Y −1e [Au, Ye]H − Y
−1
e
[
−iYuY
−1
e ,
1
2
Xe
]
YeH
= −Y −1e [Au, Ye]H + iY
−1
e
(
[Yu,
1
2
Xe]− YuY
−1
e [Ye,
1
2
Xe]
)
H
= −Y −1e [
i
2
(Xu − YuY
−1
e Xe) + YuY
−1
e , Ye]H + iY
−1
e
(
Lu − YuY
−1
e Le
)
H
= 0.
Since Au =
i
2Xu − iYuH , we have
[Au, Av] = [
i
2
Xu,−iYvH ]− [
i
2
Xv,−iYvH ]− [YuH,YvH ]
= [
1
2
Xu, YvH ]− Yu[H,Yv]H− < u↔ v >
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= [
1
2
Xu, Yv]H + Yv[
1
2
Xu, H ]− Yu[H,Yv]H− < u↔ v >
= −SuvH − YvY
−1
e [
1
2
Xu, Ye]H − YuY
−1
e [
1
2
Xe, Yv]H
− < u↔ v >
= −SuvH + YvY
−1
e LuH + YuY
−1
e LvH− < u↔ v >
= −2Lu,vH = −2HLu,v.
Here < u↔ v > means a term obtained from its immediate predecessor by switch-
ing u with v.

Because of Theorem 3.1 we say that the universal hamiltonian H in Eq. (3.1) de-
fines the universal Kepler problem associated with the simple euclidean Jordan
algebra V .
4. Concrete Realizations
A concrete realization of the TKK algebra (equivalently conformal algebra) yields
a concrete realization for the universal Kepler problem, i.e., a concrete model which
resembles the Kepler problem. Of course, certain condition on the concrete realiza-
tion of the TKK algebra must be satisfied. For example, H , Au and Lu,v must be
represented as real functions in a (classical) Poisson realization and as self-adjoint
operators in a (quantum) operator realization.
4.1. Poisson realizations. We are only interested in a Poisson realization of the
TKK algebra on a Poisson manifold in which Suv, Xz, Yw are all realized as real
functions Suv, Xz, Yw respectively, with Xe and Ye being both everywhere positive.
Then, H , Au and Lu,v can be realized as
H =
1
2Xe − 1
Ye
, Au :=
{Lu,Y
2
eH}
Ye
, Lu,v := {Lu,Lv}(4.1)
respectively. Note that
Au =
1
2
(
Xu − Yu
Xe
Ye
)
+
Yu
Ye
.(4.2)
Theorem 3.1 obviously holds under the following substitutions:
[, ]→ {, }, H → H, Au → Au, Lu,v → Lu,v.
4.1.1. Examples (without magnetic charge). As is well-known, the total cotangent
space T ∗V is a natural symplectic space. By virtue of the invariant inner product
on V , one can identify T ∗V with the total tangent space TV , then TV becomes a
symplectic space. The tangent bundle of V has a natural trivialization, with respect
to which, one can denote an element of TV by (x, π). We fix an orthonormal basis
{eα} for V so that we can write x = x
αeα and π = π
αeα. Then the basic Poisson
bracket relations on TV are
{xα, πβ} = δαβ , {xα, xβ} = 0, {πα, πβ} = 0.
One can check that real functions
Suv := 〈Suv(x) | π〉, Xu := 〈x | {πuπ}〉, Yv := 〈x | v〉(4.3)
yield a Poisson realization on TV of Suv, Xz, Yw respectively. However, neither
Xe nor Ye is positive on TV . To salvage this Poisson realization, we restrict the
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Poisson realization to certain sub-symplectic manifolds of TV , for example, TCr
where Cr is the set of rank r semi-positive elements of V , with r being a positive
integer less than or equal to the rank of V . It is an observation in Ref. [10] that Xe
and Ye are both positive on TCr so that H defines a generalized Kepler problem;
in fact, if V = Γ(3) and r = 1, then H defines the Kepler problem.
4.1.2. Examples (with magnetic charges). Let R2k+1∗ = R
2k+1 \ {~0} (k ≥ 1) and π:
R
2k+1
∗ → S
2k be the map sending ~r ∈ R2k+1∗ to
~r
|~r| ∈ S
2k. Denote by P → R2k+1∗ the
pullback by π of the canonical principal SO(2k)-bundle SO(2k+1)→ S2k. Let E →
R2k+1∗ be the associated co-adjoint bundle for P → R
2k+1
∗ and E
♯ → T ∗R2k+1∗ be the
pullback bundle under the cotangent bundle projection map T ∗R2k+1∗ → R
2k+1
∗ . It
is a fact that the canonical connection on SO(2k+1)→ S2k turns E♯ into a Poisson
manifold. It has been shown in Ref. [11] that the real Lie algebra so(2, 2k + 2) —
the conformal Lie algebra of the Jordan algebra Γ(2k + 1) := R ⊕ R2k+1 — has a
Poisson realization on certain symplectic leaves of E♯, and each of these Poisson
realizations yields a magnetized Kepler problem in dimension 2k + 1. For more
details, please consult Ref. [14].
4.2. Operator realizations. Throughout this section we assume that the Jordan
algebra is R. Then the symmetric cone is R+ := (0,∞) and Co = S˜L(2,R) —
the universal cover of SL(2,R). A point in R is denoted by x, and the Lebesgue
measure on R is denoted by dx. The conformal algebra is sl(2,R), with generators
S := See, X := Xe and Y := Ye and commutation relations
[S,X ] = X, [S, Y ] = −Y, [X,Y ] = −2S.
These generators can be realized as linear operators on L2
(
R+,
1
x
dx
)
as follows:
S → S˜ := −x
d
dx
, X → X˜(ν) := i
(
x
d2
dx2
+
ν
2 (1 −
ν
2 )
x
)
, Y → Y˜ := −ix.
Here, ν is a complex parameter whose range is to be determined. Note that,
we must specify a common dense domain of definition for these operators. This
common domain D˜ν is defined to be{
x
ν
2 e−xp(x) | p(x) ∈ C[x]
}
.
For ν ∈ (0,∞) and only for such an ν, xν−1e−2x dx is a finite positive measure on
R+. Therefore, for such and only for such a ν, C[x] is dense in L
2
(
R+, x
ν−1e−2x dx
)
,
or equivalently, D˜ν is dense in L
2
(
R+,
1
x
dx
)
.
It is not hard to see that operators S˜, X˜(ν) and Y˜ are all anti-hermitian operators
on D˜ν when ν ∈ (0,∞). Therefore,
for each ν ∈ (0,∞), D˜ν is a unitary module πν for sl(2,R);
moreover1, πν1 6
∼= πν2 if ν1 6= ν2.
Let E± =
i
2 (X˜(ν) − Y˜ ) ∓ S˜, h =
i
2 (X˜(ν) + Y˜ ). Suppose that h(ψs) = sψs
and E−(ψs) = 0, then ψs ∝ x
se−x with s = ν/2. Therefore, x
ν
2 e−x is a lowest
weight state for πν . After a little play with algebra, one can show that πν is the
lowest weight module for sl(2,R), in fact, a unitary lowest weight (g,K)-modules,
where g = sl(2,R), K ∼= R is the simply connected abelian group whose Lie algebra
is generated by X + Y . Since D˜ν is dense in L
2
(
R+,
1
x
dx
)
, via integration, we
1It appears that piν = pi2−ν for ν ∈ (0, 2), but that is not true, because D˜ν 6= D˜2−ν .
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obtain a unitary lowest weight representation (also denoted by πν) of S˜L(2,R) on
L2
(
R+,
1
x
dx
)
. In view of the classification theorem for unitary lowest weight mod-
ules in Ref. [2], these πν exhaust all nontrivial unitary lowest weight representations
of S˜L(2,R).
Combining with the result in the previous section, for each ν ∈ (0,∞), there is
a generalized (quantum) Kepler problem whose hamiltonian is
H˜(ν) = −
1
2
d2
dx2
+
ν
2 (
ν
2 − 1)
2x2
−
1
x
.
However, the Laplace-Runge-Lenz vector is trivial: Au = u. It appears that H˜(ν) =
H˜(2−ν) for ν ∈ (0, 2), but that is not true, because H˜(ν) and H˜(2−ν) have different
domains of definition2.
The bound state spectrum for H˜(ν) is{
−
1/2
(I + ν/2)2
| I = 0, 1, . . .
}
;
moreover, being a closed subspace of L2(R+, dx), the Hilbert space of bound states
for H˜(ν) is isometric to L2
(
R+,
1
x
dx
)
via an analogue of the twisting map τ intro-
duced in the proof of Theorem 5 in Ref. [13] and hence provides another realization
for πν .
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